The (4n + 3)-dimensional sphere S 4n+3 can be viewed as the boundary of the quaternionic hyperbolic space H n+1 H and the group PSp(n + 1, 1) of quaternionic hyperbolic isometries extends to a real analytic transitive action on S 4n+3 . We call the pair (PSp(n + 1, 1), S 4n+3 ) a spherical Q C-C geometry. A manifold M locally modelled on this geometry is said to be a spherical Q C-C manifold. We shall classify all pairs (G, M) where G is a three-dimensional connected Lie group which acts smoothly and almost freely on a compact spherical Q C-C manifold M, preserving the geometric structure. As an application, we shall determine all compact 3-pseudoSasakian manifolds admitting spherical Q C-C structures.
Introduction
The real, complex or quaternionic hyperbolic space has a natural compactification on which the hyperbolic isometry group extends to a real analytic action (cf. [7] ). For the real or complex hyperbolic spaces, it is well known that each boundary sphere admits a conformally flat structure, or spherical Cauchy-Riemann structure, respectively (cf. [8, 17] ). Similarly, the boundary sphere S 4n+3 of the quaternionic hyperbolic space H n+1 H supports a geometric structure. We have called it the spherical quaternionic Carnot-Carathéodory (Q C-C) geometry (PSp(n + 1, 1), S 4n+3 ) (cf. [15] ). A spherical Q C-C structure on a (4n + 3)-dimensional smooth manifold M is a maximal collection of charts {U α , φ α } α∈Λ consisting of an open cover {U α } α∈Λ of M and a homeomorphism φ α : U α → φ α (U α ) (⊂ S 4n+3 ) whose local coordinate change φ β • φ −1 α : φ α (U α ∩ U β ) → φ β (U α ∩ U β ) extends to a unique element g αβ of PSp(n + 1, 1) provided that U α ∩ U β = ∅. A manifold endowed with this structure is said to be a spherical Q C-C manifold. Given a smooth action of a group G on a spherical Q C-C manifold M, G preserves the spherical Q C-C structure if, for every element g ∈ G and any charts U α , U γ such that g(U α ) ∩ U γ = ∅, the local coordinate change φ γ • g • φ α −1 is the restriction of an element of PSp(n + 1, 1). If a group G preserves the spherical Q C-C structure, G is called the group of automorphisms of M. A Lie group G acts almost freely on a smooth manifold M if the stabilizer G x at each point x ∈ M is a finite group. (See [6] for the case of compact Lie group actions.) In this paper, we give a classification of compact spherical Q C-C manifolds M which admit smooth almost free actions of a three-dimensional connected Lie group G of automorphisms. H . An example of a (noncompact) spherical Q C-C manifold is given by a domain X in the sphere S 4n+3 . In particular, the complement X = S 4n+3 − S 4m−1 (m = 1, . . . , n) is such an example. Moreover, if there exists a discrete subgroup Γ of PSp(n + 1, 1) which leaves X invariant and acts properly and freely with compact quotient, then we obtain a compact spherical Q C-C manifold X/Γ . It is shown that the domain S 4n+3 − S is known as a simply connected geodesically complete 3-pseudo-Sasakian manifold of type (3, 4m) with constant curvature −1 (cf. [21, 26] , see Section 6) . Another class of compact spherical Q C-C manifolds can be described as follows. Let M = S 4n+3 − {∞} be the sphere with the point {∞} removed. As a spherical Q C-C manifold M can be identified with the Heisenberg nilpotent Lie group with three-dimensional center R 3 , see Section 2. Then the quotient M/Γ of the Heisenberg group M by a torsion free discrete cocompact subgroup Γ is a compact spherical Q C-C manifold with the 3-torus group T 3 of automorphisms. The following theorem shows that these two classes exhaust all compact spherical Q C-C manifolds with three-dimensional Lie groups of automorphisms which act almost freely (cf. Remark 5.5).
Theorem 1.1. Suppose that a three-dimensional connected Lie group G acts almost freely by automorphisms on a (4n + 3)-dimensional compact spherical Q C-C manifold M. Then the spherical Q C-C manifold (G, M) is isomorphic to one of the following Q C-C manifolds:
(1) The spherical Q C-C manifold (G, P (V 
/∆). It is a T 3 -bundle over the compact quaternionic Kähler flat orbifold H n /∆ * (that is, some finite cover is a quaternionic euclidean space form). Here M Sp(n)
is the semidirect product of M with symplectic group Sp(n), and ∆ ⊂ M Sp(n), ∆ * ⊂ H n Sp(n) are discrete cocompact subgroups.
By this theorem, if the action is almost free, a three-dimensional Lie group G must be compact (cf. Corollary 5.3). When we consider a noncompact three-dimensional Lie group G consisting of automorphisms on a (4n + 3)-dimensional compact spherical Q C-C manifold M, in [16] we have established a geometric rigidity which states that if a compact spherical Q C-C manifold M admits a noncompact automorphism group, then M is isomorphic to the sphere S 4n+3 , and hence the determination of G reduces to that of closed noncompact subgroups of PSp(n + 1, 1) acting on S 4n+3 . Using Proposition 5.2 and Corollary 5.4, we obtain the following result. 
By definition, compact 3-(pseudo)-Sasakian manifolds support almost free actions of G = SO(3) or Sp (1) . (See [5, 13, 18, 28, 29] for (pseudo)-Sasakian 3-structures. See also [2, 3, [9] [10] [11] 31, 32] for related work.) It is natural to ask which class of compact 3-(pseudo)-Sasakian manifolds can occur as a spherical Q C-C manifold (cf. Definition 7.1 in Section 7). Theorem 1.3. Let (M, g) be either a compact 3-Sasakian manifold or a compact 3-pseudo-Sasakian manifold in dimension 4n + 3. Suppose that (G, M, g ) is uniformized with respect to the spherical Q C-C geometry (PSp(n + 1, 1), S 4n+3 ). (2) is not a 3-pseudo-Sasakian manifold.
Review of hyperbolic space and its boundary behaviour
The fundamental properties of quaternionic hyperbolic space H n+1 H with regard to isometry groups have been established in [7] . The geometry of the boundary sphere S 4n+3 with an analytic action of the group PSp(n + 1, 1) has been studied in [15] . We shall review the necessary facts from [15, 16] .
Klein's projective model
Denote by F the field of real numbers R, complex numbers C or quaternions H respectively. Consider the vector space F n+2 with bilinear form B over F:
Let P : F n+2 − {0} → FP n+1 be the projection onto the c(n + 1)-dimensional F-projective space where c = 1, 2, or 4 respectively. We introduce the following subspaces in F n+2 :
Then the Cayley-Klein projective model of F-hyperbolic space H n+1 F is defined to be P (V
c(n+2) −
). Let GL(n + 2, F) be the group of all invertible (n + 2) × (n + 2)-matrices with entries in F. The group O(n + 1, 1; F) denotes the subgroup of GL(n + 2, F) whose elements preserve the form B. The group O(n + 1, 1; F) is said to be the F-Lorentz group of type (n + 1, 1). Moreover, as O(n + 1, 1; F) leaves V c(n+2) − invariant, it induces a real analytic action on H n+1 F . Note that the kernel of this action is the center C(F) of O(n + 1, 1; F) which is isomorphic to {±1} if F = R, H or the circle S 1 if F = C. The quotient group O(n + 1, 1; F)/C(F) is denoted by PO(n + 1, 1; F); we write PO(n + 1, 1), PU(n + 1, 1) or PSp(n + 1, 1) respectively. Since the F-hyperbolic space H n+1 F is the complete simply connected Riemannian manifold of constant negative F-curvature (that is, sectional curvature, holomorphic sectional curvature, or quaternionic sectional curvature (cf. [1, 11] )), we obtain the c(n + 1)-dimensional real (respectively, complex, quaternionic) hyperbolic space with the full group of isometries: in FP n+1 , we get the projective compactification of F-hyperbolic space:
Since PO(n + 1, 1; F) is a subgroup of the projective transformation group PGL(n + 2, F) of F-projective space HF n+1 and obviously it leaves invariant the compactification H n+1 F ∪ S c(n+1)−1 , the action of hyperbolic group PO(n + 1, 1; F) on H n+1 F extends to a real analytic action on S c(n+1)−1 acting transitively. Hence we obtain the geometry (PO(n + 1, 1; F), S c(n+1)−1 ). According to whether F = R, C, H, it is said to be the conformally flat geometry (PO(n + 1, 1), S n ), the spherical CR geometry (PU(n + 1, 1), S 2n+1 ) and (as stated in Section 1) we call (PSp(n + 1, 1), S 4n+3 ) the spherical Q C-C geometry.
Horospherical geometry
Choose the point at infinity (denoted ∞) from S c(n+1)−1 . The stabilizer at {∞}, PO(n + 1, 1; F) ∞ , is isomorphic to the maximal amenable subgroup of PO(n + 1, 1; F). In fact, the group PO(n + 1, 1) ∞ (respectively, PU(n + 1, 1) ∞ ) has the vector space R n (respectively, the Heisenberg nilpotent Lie group N with one-dimensional center R) as a normal subgroup. The group PSp(n + 1, 1) ∞ contains another Heisenberg nilpotent Lie group M with three-dimensional center R 3 as its normal subgroup. See Section 2.3 for the Lie group structure of M. (See [14, 16] for N and its properties.) It is easy to check that PSp(n + 1, 1) ∞ acts transitively on the complement S c(n+1)−1 − {∞}. In other words, S n − {∞} (respectively, S 2n+1 − {∞}) is R n as a conformally flat structure (respectively, N as a spherical CR-structure), and S 4n+3 − {∞} is M as a spherical Q C-C manifold. Moreover, each stabilizer
Note that those groups are called (generalized) similarity groups because the elements of those groups are generated by translations, rotations and similarities. As a consequence, letting PO(n + 1, 1; F) ∞ = Sim(S c(n+1)−1 − {∞}) and identifying S c(n+1)−1 − {∞} with the above nilpotent Lie group, we obtain a similarity geometry (Sim(R n ), R n ), (Sim(N ) , N ) and (Sim(M), M). In addition, there is the decomposition PSp(n + 1, 1) = (Sp(n + 1) · Sp(1)) · M. (Similarly for PO(n + 1, 1), PU(n + 1, 1).)
Heisenberg nilpotent group M
For later use, we explain the quaternionic Heisenberg nilpotent Lie group M. It is the product R 3 × H n with group law:
Here y, z
is the imaginary part of w. Then M is the Heisenberg nilpotent Lie group with center
When we identify R 3 with Ri + Rj + Rk, the conjugate by an element α ∈ Sp(1) induces an SO(3)-action:
If we take the point at infinity as
Development and uniformization
Suppose that a collection of charts {U α , φ α } α∈Λ on a c(n + 1)-1-dimensional smooth manifold M satisfies the following conditions: M = α∈Λ U α , each φ α : U α → S c(n+1)−1 is a homeomorphism onto its image, and if U α ∩ U β = ∅, then there exists a unique element g αβ ∈ PO(n + 1, 1; F) such that g αβ • φ α = φ β . Such a maximal collection of charts is said to give a uniformization on M. An equivalence class of uniformizations by refinement of charts is called a (PO(n + 1, 1; F), S c(n+1)−1 )-structure on M and a manifold M equipped with this structure is said to be a (PO(n + 1, 1; F), S c(n+1)−1 )-manifold (that is, a conformally flat manifold, a spherical CR-manifold and a spherical Q C-C manifold according to whether 
The developing map dev is a (PO(n + 1, 1; F), S c(n+1)−1 )-immersion unique up to conjugacy by an element of PO(n + 1, 1; F), where
) is said to be the holonomy group of M.
Covering groups
is the natural homomorphism which assigns to each element of Aut(M) the homotopy isomorphism class, then obviously the identity component Aut(M) 0 lies in Ker φ. Let Z(π 1 (M)) be the center of π 1 (M) and
Then the above exact sequence restricts to the following exact sequence (cf. [23] ).
When M is a spherical Q C-C manifold, our map dev and the group Aut(M) are referred to as a spherical Q C-C immersion and the group of spherical Q C-C automorphisms, etc.
Spherical Q C-C structure
We study the actions of subgroups in PSp(n + 1, 1). The following is a modification of the result in [7] when we consider the action on the boundary sphere S 4n+3 instead of the quaternionic hyperbolic space H n+1 H .
Lemma 3.1. Let H be a compact connected subgroup of PSp(n + 1, 1) and L the fixed point subset of
Then the following cases occur: H , hence no fixed point on the boundary S 4n+3 , then H is a proper subgroup of Sp(n + 1) · Sp(1). In particular, the normalizer N PSp(n+1,1) (H ) still belongs to Sp(n + 1) · Sp(1). Suppose that H has more than two fixed points in H n+1 H . As the fixed point subset is a totally geodesic subspace of
Here H Im is the 3-dimensional hyperbolic space which is the orthogonal complement of
H . According to the case, H has the fixed point subset S m−1 , S 2m−1 , S 4m−1 or S 2 on the boundary up to conjugacy. Let L be one of these subspaces except for S 2 , and
is isomorphic to one of the above (2), (3), (4) by explicit calculation (cf. [7, 14, 15] ). For L = S 2 , we have another possibility:
In this case H fixes
Hence this case reduces to case (4). 2
which is equivalent, through the correspondence:
Then the fixed point set (2) can be realized as the following action (λ ∈ Sp(1)):
For the group P (U(1) × K ) of (3), the action is similar to that above (λ ∈ U(1)). The fixed point set S 4m−1 = Fix(H, S 4n+3 ) of (4) is obtained as:
For (2) of the above lemma, we see that the fixed point set is
Taking y ∈ R m−1 and using (2.4), we describe it as (3.5)
where we put ζ = ia + j b + kc. We need the following results from [15] . (See Lemma 3 of [15] for the details.) Lemma 3.3.
which has the principal R 3 -bundle:
Recall that the group Conf(S 4n ) of conformal transformations of S 4n is isomorphic to the orthogonal Lorentz group PO(4n + 1, 1). Then the subgroup Conf(S 4n , S m−1 ) of PO(4n + 1, 1) which preserves S m−1 is isomorphic to the subgroup PO(m, 1) × O(4n − m + 1). Moreover, there is an isomorphism of conformally flat manifolds: 
For (4) of the above lemma, we see that
First note that the spherical Q C-C manifold P (V Let M be a spherical Q C-C manifold endowed with Aut(M), the group of all spherical Q C-C automorphisms of M onto itself. Let G ⊂ Aut(M) be a three-dimensional connected Lie group and G its lift to M. Notice from (2.5) that 
is an equivariant diffeomorphism where 0 m n. As a consequence,
Proof. Suppose that G acts almost freely on M. Then so does G on M, in particular, G has no fixed point on M. Let H be the closure of ρ( G) in PSp(n + 1, 1) in which H is compact by our hypothesis. Since dev is an equivariant immersion, the developing image dev( M) misses the fixed point set of H , i.e., dev( M) ⊂ S 4n+3 − L where L is one of (1)- (4) of Lemma 3.1. Thus the developing pair reduces to:
If H has no fixed point on S 4n+3 , then by (1), H lies in the maximal compact subgroup Sp(n+1)·Sp(1) so the centralizer Z PSp(n+1,1) (H ) is still lying in Sp(n + 1) · Sp(1). As each element of ρ(
. Using the pullback of the spherical metric on S 4n+3 , we see that the local isometry (ρ, dev) :
4n+3 is a diffeomorphism. Suppose that H has the fixed point subset L for which L is one of (2), (3), (4) of Lemma 3.1. We prove that cases (2), (3) do not occur.
As G is a 3-dimensional compact Lie group, G is isomorphic to the semisimple group Sp(1), SO(3) or a 3-torus T 3 . If G is semisimple, then G is compact and so is H = ρ( G). In particular, either (2) or (4) is the possible case by Lemma 3.1.
I. Consider case (2) . Then the fixed point set of
Choose S (m−1)+3 containing S m−1 such that
There is a point
If we put λ = ζ /|ζ | ∈ Sp(1), then the cyclic group generated by λ in Sp(1) fixes p:
Let dev(x) = p where p is a generic point so that λ is infinite cyclic in Sp(1) = ρ( G), so its closure λ is a circle
, which contradicts the fact that the action of G is almost free. Therefore, we obtain 
There is a homogeneous Riemannian metric on S 4n+3 − S 4m−1 invariant under the group Aut(S 4n+3 − S 4m−1 ) by Lemma 3.3. By the same argument as above, dev :
On the other hand, if G is not semisimple, then G is isomorphic to T 3 and so the only possible case is (3). We prove this case does not occur.
III. Consider case (3). Let
be the developing pair in which ρ( G) ⊂ H ⊂ P (U(1) × Sp(n − m + 1)). It may happen that G is not compact and thus ρ( G) is noncompact in P (U(1) × Sp(n − m + 1)) of (3). So the closure H is a k-torus T k (k 3) by the hypothesis. Recall from Remark 3.2 that H acts on S 4n+3 as follows where λ ∈ S 1 : 
Again noting that dev : M → S 4n+3 is a local homeomorphism, the developing image dev( M) does not intersect with S
4m−1 . Hence, the developing pair reduces to: (1)). Hence, the following double coset space is a compact complex hyperbolic manifold:
In particular, the cohomological dimension of ν(Γ ) is 2m, which is a contradiction. Therefore, this case does not occur. 2
Corollary 3.5. Suppose that a three-dimensional connected Lie group G is compact. Then either
3 and the closure of ρ( G) cannot be compact.
Almost free actions of semisimple groups
We prove the following which was stated in Section 1. + 1, 1) , S 4n+3 ) be the developing pair, and G the lift to the universal covering space M. Since ρ( G) ⊂ PSp(n + 1, 1) is compact by the hypothesis, Proposition 3.4 shows that only (1), (4) of Lemma 3.1 occur:
Proposition 4.1. Suppose that G = SO(3) or Sp(1). If G acts almost freely by automorphisms on a compact spherical Q C-C manifold M, then M is isomorphic to the spherical Q C-C manifold
P (V 4m+3 −1 × S 4(n−m)+3 )/Γ = (S 4n+3 − S 4m−1 )/Γ
Proof. Let (ρ, dev) : (Aut( M), M) → (PSp(n
(i) ρ( G) has no fixed point on S 4n+3 .
is an equivariant diffeomorphism.
(ii) ρ( G) has the fixed point subset S 4m−1 (1 m n).
is an equivariant diffeomorphism where ρ( G) = Sp(1) ⊂ Sp(n − m + 1).
For (i), as a semisimple Lie group ρ( G) is completely reducible and the linear representation of ρ( G) has no fixed point on S
4n+3 in this case, ρ( G) = Sp(1) ( λ) acts on S 4n+3 either by
The quotient space of S 4n+3 by the Sp(1)-action of (1) is the standard quaternionic Kähler projective space HP n and the quotient space of S 4n+3 by the Sp(1)-action of (2) is also HP n but with reverse orientation if n is even. (In fact, the map sending (w 1 , w 2 , . . . , w n+1 ) to (w 1 ,w 2 , . . . ,w n+1 ) gives rise to an equivariant diffeomorphism between the actions (1) and (2) (1), and so the centralizer of ρ( G) is Sp(n + 1) · Sp(1). It follows that Γ ⊂ Sp(n + 1) · Sp(1) for which Γ is a finite subgroup acting freely on S 4n+3 . There is the equivariant principal bundle:
Passing to the quotient space of (4.1), we obtain the spherical space form S 4n+3 /Γ which is an Sp(1) (or SO (3))-bundle over the quaternionic Kähler projective orbifold HP n /Γ * :
Using (i), dev induces an equivariant isomorphism from (4.2) onto (G, M)
We obtain a similar result for (2), while it is easy to check that Γ ⊂ {(λ, . . . , λ) | λ ∈ Sp(1)} · Sp(1) of Sp(n + 1) · Sp(1).
Consider case (ii). From (3.7), recall that
is the principal bundle for which Sp(1) is the action of Sp (1) (z 1 , z 2 , . . . , z m+1 ), (z m+2 , . . . , z n+2 ) = P (z 1 , z 2 , . . . , z m+1 ), (λ · z m+2 , . . . , λ · z n+2 ) .
Thus there is the equivariant principal bundle: (1) where (1) is represented by is an equivariant diffeomorphism of (PSp(m, 1) ,
. We obtain the compact spherical Q C-C manifold P (V 4m+3 −1 × S 4(n−m)+3 )/Γ which is an Sp(1) or SO(3)-bundle over the quaternionic hyperbolic-projective orbifold:
As a consequence, the developing map induces an isomorphism of (4. 
with nontrivial distinct summand in Sp(1) ⊕ Sp(1) whenever m = 0, n.
Almost free actions of solvable groups
Given an almost free action (G, M), if G is a three-dimensional compact connected Lie group but not semisimple, then it is a 3-torus T 3 by Corollary 3.5.
Proposition 5.1. Suppose that G = T 3 . If G acts almost freely by automorphisms on a compact spherical Q C-C manifold M, then M is isomorphic to the infranilmanifold M/Γ where Γ ⊂ M Sp(n)
is a discrete cocompact subgroup. π 1 (M) ) as before.
Proof. Let
By (II) of Corollary 3.5, the closure H of the holonomy group ρ( G) is noncompact. Choose a onedimensional closed subgroup A from H isomorphic to R. By hyperbolic group theory, A has a unique fixed point {∞} on S 4n+3 (parabolic) or exactly two points {0, ∞} on S 4n+3 (loxodromic) up to conjugacy of an element of PSp(n + 1, 1). In our case, as H is connected abelian, H itself fixes {∞} or two points {0, ∞} on S 4n+3 . In particular, we have
As G acts almost freely on M and H has fixed points {0, ∞} in this case, we have
where
There is an Sp(n) · Sp(1) × R + -invariant product Riemannian metric on S 4n+2 × R + because the stabilizer is compact. By the same argument as before, dev : (x,0) has dimension two, contradicting the fact that the action is almost free. Therefore, H has no summand in R + , which leaves only the following possibility:
As ρ(π 1 (M)) centralizes ρ( G) so does its closure H . Since H has the unique fixed point {∞} in this M) ) has a nontrivial summand in R + , then ρ(γ ) fixes another point w ∈ M (because ρ(γ ) is a loxodromic element which fixes exactly two points {∞, w} in S 4n+3 ). We calculate that ρ(γ )·H (w) = H ·ρ(γ )(w) = H (w) so that H (w) is also a fixed point of ρ(γ ). Hence H (w) = w by uniqueness. Since {∞} is the unique fixed point of H , w = {∞} which yields a contradiction. Therefore, (1)) and dev( M) misses the fixed point of H . Then the developing pair reduces to:
As the group M (Sp(n) · Sp (1)) is the group of isometries of (the usual) left invariant metric on the Lie group M, by taking the pullback metric on M, the same argument shows that dev : M → M is a diffeomorphism so that M is isomorphic to the infranilmanifold M/Γ where
On the other hand, the theorem of Auslander-Bieberbach (cf. [27] ) says that the intersection
On the other hand, taking note of the action of Sp(n) · Sp(1) on M from (2.3) and the fact that R 3 centralizes Γ , Γ has no Sp(1)-summand. Hence, we have Γ ⊂ M Sp(n). Finally we obtain the following fibration:
In addition, the compact quotient H n /Γ * is a quaternionic Kähler flat orbifold. Since we can find a torsion free subgroup Γ * 1 of finite index in Γ * (cf. [27] ), the finite cover H n /Γ * 1 is a compact quaternionic euclidean space form. 2
In [16] , we studied an analogue of the theorem of Obata and Lelong-Ferrand [22, 25] for the case of compact CR-manifolds and established the rigidity. A quaternion analogue has been also considered there for compact spherical Q C-C manifolds admitting a noncompact automorphism group. Then we obtain the following rigidity result, which is analogous to that of the CR-case. We shall determine the noncompact three-dimensional Lie groups G acting by automorphisms on a compact spherical Q C-C manifold, even when G is not almost free. 
is an equivariant isomorphism where ρ(G) ⊂ PSp(n + 1, 1). For brevity, we identify G = ρ(G). If G is semisimple (noncompact connected three-dimensional), then it is isomorphic to the simple Lie group PSL 2 (R). If G is not semisimple, G contains the maximal connected normal solvable subgroup whose quotient subgroup has at most dimension two. This implies that G itself is a solvable Lie group.
Case I: G is simple. Recall that PSp(n + 1, 1) is the group of isometries of the (n + 1)-dimensional quaternionic hyperbolic space H n+1 H . As G is a closed simple subgroup of PSp(n + 1, 1), it follows from Lemma 4.4.5 of [7] that there is a totally geodesic subspace X of H n+1 H on which G acts transitively. Note that any totally geodesic subspace of (PSp(n + 1, 1), H n+1 H ) with transitive isometry subgroup is either one of (PO(m, 1) , H 
be the exact sequence. Since G is solvable, a maximal compact group is isomorphic to a k-torus T k . Then there exists a simply connected solvable Lie group G such that G is the semidirect product G T k . If G is not simply connected and noncompact, then T k is S 1 or T 2 in which the possible cases are
From this action and p(S 1 ), p(T 2 ) ⊂ T n+1 , the following cases occur:
for the first case. In the second case, as
Similarly, T 2 acts trivially on R for the third case so that
Suppose that G is simply connected. Then G has the nilradical N . If G = N , then we have already seen that (5) N = R 3 or (6) N = R C, the Heisenberg nilpotent Lie group. Otherwise, N is R 2 and so G is the semidirect product (7) 
Uniformization of 3-pseudo-Sasakian manifolds
We apply our result to the 3-pseudo-Sasakian manifolds. A (pseudo)-Sasakian 3-structure {g, (ω a , φ a , ξ a ) a=1,2,3 } on a (4n + 3)-manifold M consists of a Riemannian metric (respectively, pseudoRiemannian metric of type (3, 4n)) g and a contact form ω a , an endomorphism φ a , a vector field ξ a  (a = 1, 2, 3 ) satisfying where (a, b, c) ∼ (1, 2, 3) up to cyclic permutation.
In addition, it satisfies the normality condition:
Here N(X, Y ) is the Nijenhuis torsion of φ a . (See [4, 5, 29, 30] for Sasakian 3-structures.) Suppose that M is compact. Then it is shown that the vector fields {ξ a } a=1,2,3 generate a group G isomorphic to either Sp(1) or SO(3) on M by property (5) (cf. [24] ). Since each {ξ a } is a nonzero vector field on M, the stabilizer of G at any point is finite. By our definition, (G, M) is an almost free action. On the other hand, if p : M → M/G is the projection, then the (pseudo)-Sasakian 3-structure (g, {ξ a }, {φ a }) a=1,2,3 on M induces a Riemannian metricĝ on the 4n ( 8)-dimensional orbifold M/G defined by:
⊥ is the orthogonal complement of the distribution {ξ 1 , ξ 2 , ξ 3 } with respect to g. Herê x ∈ M/G is taken outside the singular set of M/G. Note that
Ker ω a . When g happens to be a Riemannian metric, it should be emphasized thatĝ is a quaternionic Kähler metric on M/G (cf. [5, 12, 29] ). If g is a pseudo-Riemannian metric of type (3, 4n), then the above definition of pseudo-Sasakian 3-structure shows that g|{ξ 1 , ξ 2 , ξ 3 } is positive definite (type (3, 0) ) and soĝ becomes a Riemannian metric on M/G. In this case, it has been also proved thatĝ is a quaternionic Kähler metric (cf. [2, 30] ).
A typical example of a 3-Sasakian manifold is the sphere (S 4n+3 , g S ) for which g S is the spherical metric with isometries Sp(n + 1) · Sp(1). Consider the quadric V 4n+3 −1 introduced in (2.2) of Section 2. It is the principal bundle as in (4.4):
by the correspondence: 
It has been shown in [18, 30] that g − produces a pseudo-Sasakian 3-structure on V 4n+3 −1 . We emphasize again that (Sp(n, 1) · Sp(1), V 4n+3 −1 , g − ) is a simply connected geodesically complete 3-pseudo-Sasakian manifold of type (3, 4n) with constant curvature −1 [21] .
We prove the first (topological) part of the uniformization stated in Section 1. Proof. Since G = Sp(1) or SO(3), Proposition 4.1 shows that
is an equivariant diffeomorphism where m = 0, 1, . . . , n. Then the developing map dev induces an equivariant diffeomorphism: . When we apply the results of a nondegenerate quaternionic CR-structure on a (4n + 3)-manifold, we obtain a finer classification than that of Theorem 6.1. Here a nondegenerate quaternionic CR-structure can be thought of as a natural generalization of a CR-structure. (Further details will appear in [2] .) Let 4n+3 ). The standard quaternionic structure {I, J, K} of the vector space H n+1 induces a quaternionic structure on the 4n-dimensional subbundle Null ω S = {X ∈ T M | ω S (X) = 0}. Moreover, if N is a unit normal vector field on S 4n+3 in H n+1 , then we know that I N = −ξ 1 , J N = −ξ 2 , KN = −ξ 3 so that {N, ξ 1 , ξ 2 , ξ 3 } = T H (cf. [4, 28] ). There is the decomposition:
Null ω S ⊕ {ξ 1 , ξ 2 , ξ 3 } = T S 4n+3 .
Letting I = I 1 , J = I 2 , K = I 3 on Null ω S , {I a } a=1,2,3 forms a quaternionic structure on Null ω S . For the spherical metric g S of S 4n+3 , we know that dω Null ω a .
Each endomorphism φ a is uniquely determined by −∇ξ a = φ a for the (pseudo)-Sasakian 3-structure. Here ∇ is the Levi-Civita connection of g. Passing to M, the above equationω a ( X) =g(ξ a , X) implies that dω a (U, V ) =g(U,J a V ) (U, V ∈ Nullω) (cf. [4] ). By definition, note thatg| Nullω is negative definite when g is a pseudo-Riemannian metric of type (3, 4n) . Hence, dω a (J a U, V ) =g(U, V ) is positive or negative definite on Nullω in each case. Thus such a pair (ω, {J a }) a=1,2,3 determines a positive definite (respectively, indefinite of type (3, 4n)) quaternionic CR-structure on M. We call it the positive (respectively, negative) quaternionic CR-structure associated with the (pseudo)-Sasakian 3-structure (g, {ξ a }, {φ a }) a=1, 2, 3 .
We now refer to a uniformization of 3-(pseudo)-Sasakian manifolds over the spherical Q C-C geometry (PSp(n + 1, 1), S 4n+3 ). 
